We consider the weak coupling limit of F-theory in the presence of non-Abelian gauge groups implemented using the traditional ansatz coming from Tate's algorithm. We classify the types of singularities that could appear in the weak coupling limit and explain their resolution. In particular, the weak coupling limit of SU(n) gauge groups leads to an orientifold theory which suffers from conifold singulaties that do not admit a crepant resolution compatible with the orientifold involution. We present a simple resolution to this problem by introducing a new weak coupling regime that admits singularities compatible with both a crepant resolution and an orientifold symmetry. We also comment on possible applications of the new limit to model building. We finally discuss other unexpected phenomena as for example the existence of several non-equivalent directions to flow from strong to weak coupling leading to different gauge groups. 
Absract
We consider the weak coupling limit of F-theory in the presence of non-Abelian gauge groups implemented using the traditional ansatz coming from Tate's algorithm. We classify the types of singularities that could appear in the weak coupling limit and explain their resolution. In particular, the weak coupling limit of SU(n) gauge groups leads to an orientifold theory which suffers from conifold singulaties that do not admit a crepant resolution compatible with the orientifold involution. We present a simple resolution to this problem by introducing a new weak coupling regime that admits singularities compatible with both a crepant resolution and an orientifold symmetry. We also comment on possible applications of the new limit to model building. We finally discuss other unexpected phenomena as for example the existence of several non-equivalent directions to flow from strong to weak coupling leading to different gauge groups. 1. Introduction F-theory [1] is a powerful tool to engineer gauge theories appearing in type IIB string theory and in the hetorotic string theory using the geometry of elliptic fibrations [2, 3] . When the structure of an elliptic fibration is seen through the eyes of string theory, the constraints coming from physics lead to surprising new mathematical results on the structure of elliptic fibrations [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Although F-theory is defined for elliptically fibered Calabi-Yau varieties, many of the mathematical results obtained in F-theory apply in a larger setup without restrictions on the dimension of the elliptic fibration and without assuming the Calabi-Yau condition [6, 7, 11] .
One fascinating aspect of the F-theory approach is that it provides a window to non-perturbative aspects of type IIB string theory. This is because the elliptic fibration implements geometrically several non-perturbative aspects of S-duality. In type IIB string theory S-duality changes the value of the string coupling constant and can relate weak and strong couplings. Understanding the connection between the strongly coupled regime of F-theory and weakly coupled type IIB string theory is a central theme in F-theory [19] .
Sen has provided a beautiful description of a limit of an elliptic fibration which results in a type IIB orientifold theory at weak coupling [20, 21] . The orientifold theory is defined as the double cover X → B of the base over which the elliptic curve is fibered:
Sen's limit was originally defined essentially for elliptic fibrations in the Weierstrass form. A systematic way to describe the links between the orientifold theory obtained in Sen's weak coupling limit and the geometry of the elliptic fibration were described in [22] . One would like to be able to uplift a compactification in type IIB to F-theory in order to understand its strong coupling behavior. Such effort relies on exploiting properties of a given weak coupling limit. Progress on that has been made in the past few years based essentially on Sen's limit [34] , [23, 36] . Generalization of the weak coupling limit to other models of elliptic fibrations were later obtained in [7, 9] . These generalizations are based on a geometric reformulation of Sen's limit in terms of a transition from semi-stable to unstable singular fibers [7] . These new limits illustrate among other things the non-uniqueness of the weak coupling limit in F-theory [7, 9] . Different limits of the same F-theory model can lead to very different configurations at weak coupling. Reciprocally, a given type IIB model can admit several nonequivalent uplifts to F-theory. See for example [24] for explicit examples. Recently, F-theory has been used to obtain local models of Grand Unified Theories (GUTs), starting from the papers [30] [31] [32] [33] . Global completions of GUT models have also been intensively studied [35] [36] [37] [38] [39] [40] [41] [42] [43] , with special focus on SU(5) configurations. See [44] for a review on the subject and a more complete list of references.
In F-theory, there are specific ansätze that provide a realization of a particular gauge group using a generalized Weierstrass model with coefficients vanishing along the divisor of interest up to certain multiplicities directly inspired by Tate's algorithm [3, 27] . For that reasons, such ansätze are usually called Tate form in the F-theory literature. The restrictions to put a given elliptic fibration with a given singularity type into a Tate form have been analyzed recently in [27] where some obstructions have been noticed for certain groups (SU (m) (with 6 ≤ m ≤ 9), Sp(3), Sp(4), SO (13) , SO (14) ) or in the presence of certain matter representations (such as the 2-symmetric representation of SU(m)). Normal forms for local equations for classical groups were also given in [27] . Donagi and Wijnholt have proposed a realization of Sen's limit for elliptic fibrations in Tate forms [25] . For a generalized Weierstrass model: We will refer to that limit as the DW limit. It provides a simple realization of Sen's limit for a generalized Weierstrass model. As we will see in section 4, the DW limit reduces to Sen's limit when the generalized Weierstrass equation is reduced to a short Weierstrass form. The DW limit is consistent with the Tate form of a nodal curve as it has a 3 = a 4 = a 6 = 0 in the limit → 0. It applies in particular to models in which a gauge group is implemented using a Tate form. For every nonzero value of , it preserves the Tate form and therefore the gauge group. However as we take the limit → 0 the gauge group can change as we will see. In the DW-limit, the double cover of the base used to describe the orientifold theory in type IIB takes the form (1.1) X : ξ 2 = a 2 1 + 4a 2 . X is nonsingular when a 2 = 0 describes a nonsingular divisor. However, the Tate form for groups other than Sp(n) will require a 2 to factorize and therefore to admit singularities. Typically, if a 1 , a 2 factorize as a 2 = σ m 2 b 2,m 2 and a 1 = σ m 1 a 1,m 1 for a given Tate form, we get (1.2)
X :
which is singular when m 2 > 0. The presence of singularities is acceptable if one can obtain a crepant resolution µ :X → X compatible with the involution ξ → −ξ, which represents the Z 2 orientifold symmetry in the weakly coupled type IIB picture. The crepant condition means that the first Chern class of the resolved varietyX is the pullback of the first Chern class of X:
This is important in order to make sure that the string target space is still Calabi-Yau. One would also want the resolution to be a double cover in order to still have an orientifold theory in the weak coupling limit. The compatibility condition requires that the involution ofX naturally reduces to the one of X. We will call a resolution of a double cover an admissible crepant resolution if it is crepant and compatible with the double cover. Double covers and their admissible crepant resolutions are well studied in mathematics. We review the main results in appendix A. We point out an important subtlety involving the preservation of the D7 tadpole after a resolution of singularities in section 5.2 and discuss it further in the conclusion (section 6).
In the case of unitary gauge groups, the DW weak coupling limit gives a singular orientifold theory which does not admit an admissible crepant resolution. Indeed, for the Tate form of a unitary gauge group we have a 2 = σa 2,1 . This implies that the double cover admits conifold-like singularities in codimension-3:
, where σ = 0 defines the divisor on which the fiber I s n is located and gives the SU(n) gauge group. Such a singularity is a serious problem, especially for GUT model building, as it makes the theory at weak coupling ill-defined for any kind of computation. These conifold singularites can be avoided at the cost of working with elliptic fibrations for which the conifold points a 1 = σ = a 2,1 = 0 do not actually occur due to the intersection theory of the base [45] . Such geometries can be algorithmically constructed starting from type IIB, as explained in [36] .
In this paper, we will consider a systematic way of solving the conifold problem in the weak coupling limit of SU(n) theories. If one is willing to give up the choice of having a gauge theory in eight dimensions with unitary gauge group, an immediate solution of the conifold problem would be to deform the singularity by adding on the right hand side of (1.3) a generic polynomial of the appropriate degree. This breaks the unitary gauge group we started with by giving an expectation value to fields in its antisymmetric representation [25] . However, this would only make us move from a split to a non-split singularity of the Calabi-Yau fourfold, by rendering the latter slightly more generic. As a result, monodromies of the fiber are introduced and the unbroken gauge group is of the symplectic type. In contrast, in this paper, we construct new limits that lead to a double cover allowing for admissible crepant resolution. The limits we consider are specialization of the DW-limit. The idea behind is very simple: knowing the conditions to have an admissible crepant resolution (see appendix A), we improve the DW-limit in order to replace the conifold points by a better-behaved singularity. In particular, there is one choice of singularity which even allows us to preserve the unitary gauge group of the starting F-theory configuration. We consider the limit
In this new limit, the conifold singularities are replaced by the singularities of suspended pinch points:
Such a double cover admits an admissible crepant resolution obtained by blowing-up the locus ξ = a 1 = σ = 0 in codimension-two. It is also evident the presence of brane and image brane stacks when we put σ = 0. We discuss this model at length and propose some applications of it to GUT model building. In particular we analyze the structure of matter curves before and after resolution and comment on specific suspended pinch point geometries which contain all the expected matter spectrum. We also raise a few questions, especially regarding the realization of Yukawa couplings, which we hope to address in the near future. The paper is organized as follows. We begin in section 2 by briefly introducing the geometries of Weierstrass elliptic fibrations and by fixing our notations, whereas in section 3 we review the Sen weak coupling limit and its orientifold interpretation in type IIB string theory. In section 4 we present a general overview of the Donagi-Wijnholt limit and in subsection 4.3 propose two alternatives which solve the conifold problem and show different physical features among themselves. Section 4.4 gives a broader overview on weak coupling limits and 4.5 provides a detailed analysis of the brane content after taking DW limit for each kind of Kodaira singularity. Section 5 is instead devoted to a more-in-depth analysis of one of our alternative proposals, i.e. the suspended pinch point geometry: We blow-up the singularity and discuss the features of the resolved geometry from both a mathematical and a physical perspective. We draw our conclusions in section 6. Finally some technical details are provided in the appendices: Some mathematical theorems relevant for our analysis are presented in appendix A, where we also propose an equivalent small resolution of the suspended pinch point geometry; In appendix B a blow-up is given for the Quadric Cone geometry.
Elliptic curves and Weierstrass models: a quick review
Definition 2.1 (Elliptic curve and Weierstrass normal equation). An elliptic curve over a field K is an irreducible nonsingular projective algebraic curve of genus 1 with a choice of a K-rational point, the origin of the group law. It follows from Riemann-Roch theorem that an elliptic curve over a field K is isomorphic to a plane cubic curve, cut in P 2 K by the following generalized Weierstrass form:
Geometrically, the marked point of the Weierstrass form of an elliptic curve is its intersection point with the line at infinity z = 0, namely the point [x : y : z] = [0 : 1 : 0], which is a point of inflection and the only point of infinity of the curve. The curve (2.1) is called a Weierstrass normal form since (in characteristic different from 2 and 3) after the change of variables: ℘ = x + 1 12 (a 2 1 + 4a 2 ), ℘ = 2y + a 1 x + a 3 it reduces to the traditional cubic equation satisfied by the Weierstrass ℘-function and its derivative:
2.1. Elliptic fibration. An elliptic fibration over a base B can be seen as an elliptic curve over the function field of B. We will define elliptic fibrations by a Weierstrass model. The Weierstrass model over a base B is written in a projective bundle
Notation. The sheaf of regular functions of a variety B is denoted as usual by O B . We use the classical convention for projective bundles P(E ): At each point they are defined by the set of lines of E . We denote the tautological line bundle of the projective bundle P(E ) by O B (1). When the context is clear, we just denote it O(1). We denote by O(n) for n > 0 the nth tensor product of O(1). Its dual is O(−n).
The coefficients a i of (2.1) are sections of L i . The projective coordinates [x : y : z] of this projective bundle are such that x is a section of
The elliptic fibration ϕ : Y → B has vanishing Chern class if c 1 (B) = c 1 (L ). For most of this paper, except for the physical applications in section 5, we will not need to impose the Calabi-Yau condition and we will also not restrict the dimension of the base.
2.2.
Formulaire. An elliptic curve given by a Weierstrass equation is singular if and only if its discriminant ∆ is zero. If we denote byK the algebraic closure of K, two smooth elliptic curves are isomorphic overK if and only if they have the same j-invariant. We recall the formulaire of Deligne and Tate which is useful to express the discriminant ∆, the j-invariant and to reduce the Weierstrass equation into simpler forms:
The coefficients b i and c i are sections of L i . The discriminant and the j-invariant are given by: 
The variables c 2 , c 4 and c 6 are then obtained after eliminating the term in x 2 by the redefinition 2 ), j = 1728 4f 3 4f 3 + 27g 2 .
Weak coupling limit of elliptic fibrations
In Type IIB string theory, when taking into account the back-reaction of space-time-filling 7-brane sources, the string coupling g s is not a constant, but is varying along the internal space. It is defined by (the expectation value of) the exponential of the dilaton φ. Together with the axion C 0 , the dilaton forms a complex scalar field called the axio-dilaton:
which transforms under the S-duality group SL(2, Z) as the complex modulus of a torus under the action of the modular group:
F-theory [1] is a non-perturbative approach to type IIB string theory that implements geometrically several non-trivial constraints of S-duality using the geometry of elliptic fibrations. In F-theory, the axio-dilaton field is geometrically modeled as the modulus of the fiber of an elliptic fibration
The base B of the fibration is the space over which type IIB string theory is compactified. The size of the elliptic curve is not physical and therefore the elliptic fiber is only defined modulo homothety. It follows that each regular fiber can be expressed as a quotient:
depending on the modulus τ living in the complex upper half-plane. Since much of our understanding of string theory is based on perturbative calculations that make sense only for small string coupling g s , it is useful to understand how the strongly coupled physics described by F-theory flows to a weakly coupled type IIB description. The limit g s → 0 is known as the weak coupling limit of F-theory. In terms of the elliptic fiber, a vanishing string coupling g s corresponds to an infinite j-invariant. This can be seen by considering the Laurent expension of the j-invariant in terms of the variable q := exp(2πiτ ) parametrizing the punctured unit disk:
In particular, the absolute value of q is related to the inverse of string coupling as:
It follows that the weak coupling limit g s → 0 is equivalent to approaching the center of the unit disk (|q| → 0) and therefore to an infinite j-invariant:
To make connection with the perturbative regime of IIB string theory, one can consider certain degenerations of the elliptic fibration such that the string coupling becomes small almost everywhere over the base B. This is called a weak coupling limit of the elliptic fibration. In the simplest set-up, such degenerations can be expressed in terms of a family of elliptic fibrations ϕ : Y → B parametrized by a deformation parameter for which the general fiber of the fibration ϕ : Y → B becomes a nodal curve (or more generally a semi-stable curve) as approaches zero.
3.1. Sen's limit of Weierstrass models. Sen [20, 21] has proposed a simple realization of the weak coupling limit for an elliptic fibration defined by a short Weierstrass model
Geometrically, the main idea of Sen's limit is to express the Weierstrass model as a deformation of a fibration of nodal curves. The coefficients f and g are then polynomials in the deformation parameter so that the general fiber is a nodal curve at = 0. This ensures that the j-invariant goes to infinity as goes to zero. Sen's limit is explicitly given in terms of the following expression for f and g:
For every fixed value of , the variables η and χ ensure that the Weierstrass model is as general as possible. The elliptic fibration is then
At = 0, we recognize a fibration of nodal curves:
Since a nodal curve has an infinite j-invariant, this ensures that the string coupling vanishes over a generic point of the base as approaches zero. We can get to the same conclusion by computing the leading terms of the Laurent expansion of the j-invariant as a function of :
In particular, the j-invariant has a pole of order two at = 0.
Remark 3.1. In Sen's limit, g s goes to zero nearly everywhere. More precisely, away from h = 0. Over h = 0, we have to be more careful as the leading order of j vanishes for non-zero values of . By first imposing h = 0 and then taking the limit, one can show that j = 1728 over a generic point of h = 0 in the limit → 0.
3.2. The orientifold interpretation of Sen's limit. The monodromy of the axio-dilaton field around h = 0 due to the behavior of the j-invariant j ∼ h 4 / 2 (η 2 + 12hχ) indicates that h = 0 is the location of an O7-plane. We recall that h is a section of L 2 and the discriminant is a section of L 12 . Since h is a section of an even line bundle, it can describe the branch locus of a double cover of the base. Explicitly, the double cover ρ : X → B of the base B branched along the divisor O ⊂ B : h = 0 is given by the canonical equation of a double cover:
which is automatically Calabi-Yau n-fold if the elliptic fibration ϕ : Y → B we started with is also Calabi-Yau (n + 1)-fold. The weak coupling limit, described as a geometrical construction, does not require the Calabi-Yau condition and can be defined for an elliptic fibration over a base of arbitrary dimension. The branch divisor O corresponds to the orientifold locus O : ξ = 0 in the double cover X. The leading term in the discriminant pulls-back to the double cover X as follows
The corresponding j-invariant is
This is physically described as an orientifold at O : ξ = 0 and a D7 Whitney-brane at D w : η 2 + 12ξ 2 χ = 0. The divisor D w has the singularity of a Whitney umbrella: A double line in codimension-2 that enhances to a locus of pinch points in codimension-3.
3.3. Sen's limit for a Weierstrass model in Tate form. When an elliptic fibration is given in the Weierstrass equation in Tate form :
Sen's limit can still be defined by remembering that the previous equation can be put into the short Weierstrass form (3.5)
with c 4 and c 6 defined as in equation (2.2). Sen's limit as expressed in equation (3.6) corresponds for a Weierstrass equation in Tate form(3.12) to the requirement:
The branch divisor is given by O : b 2 = 0 in the base B. It follows that the orientifold is defined by the double cover:
At leading order in the discriminant locus:
It is composed of a factor b 2 2 which is the contribution from the branch locus and a factor
4 . When pulled-back to the double cover we have
The factor ξ 4 is the contribution from the orientifold and the second factor gives a Whitney brane ξ 2 b 6 − b 2 4 = 0. Since b 4 = a 1 a 3 + 2a 4 and b 6 = a 2 3 + 4a 6 , it is important to realize that the limit (3.13) can be implemented in many different ways if we start from Tate's general form of the Weierstrass equation. In the F-theory literature, the realization which is normally used is the ansatz of Donagi and Wijnholt [25] . We will analyze it in some details in the next section.
The Donagi-Wijnholt ansatz
Donagi and Wijnholt [25] have proposed the following realization of Sen's limit (3.13) valid for elliptic fibrations given by the Tate form of a Weierstrass model:
Geometrically, this limit is a degeneration of a Weierstrass model to a fibration of nodal curves when = 0. In the limit = 0, we have a 3 = a 4 = a 6 = 0, which gives the nodal curve:
The nodal curve specializes to a cusp over the divisor in the base O : b 2 = 0. Since b 2 = 0 is a section of a line bundle L 2 , we can define a double cover ρ : X → B branched at h = 0:
, which is used to define an orientifold theory in type IIB, understood as the weak coupling limit of F-theory model given by the Weierstrass equation with coefficients (a 1 , a 2 , a 3 , a 4 , a 6 ). The double cover X is nonsingular as long as a 2 = 0 defines a nonsingular divisor in the base. As we will see in the following subsections, X is usually singular when Y admits a gauge group implemented by ansatz coming from Tate's algorithm except in the case of symplectic gauge groups.
4.1.
Gauge groups and singularities in the weak coupling limit. In F-theory, nonAbelian gauge groups appear when the elliptic fibration admits reducible singular fibers over a component of the discriminant locus [2, 3] . Such singular fibers located over a codimension-one locus in the base of an elliptic fibration were classified by Kodaira and Néron and admit dual graphs that are extended ADE Dynkin diagrams [51, 52] . Non-simply laced gauge groups can also be obtained by taking into account the monodromy action by an outer automorphism on the nodes of the dual graph of the singular fiber [3] . When working with a Weierstrass model, non-Abelian gauge groups can occur only when the Weierstrass model becomes singular, as a smooth Weierstrass model admits only irreducible singular fibers (regular elliptic curves, nodal curves and cusps). To implement a certain non-Abelian gauge group over a divisor σ = 0 of the base, one can use an ansatz inspired directly from Tate's algorithm [3] . These ansätze are now familiarly called Tate forms. The original list of Tate forms in [3] was corrected by Grassi and Morrison [10] . A Weierstrass model admitting a certain gauge group is not necessarily realized by one of the Tate forms. A careful analysis was done recently to see when it is possible to achieve these forms and more general ansätze were presented when it was not possible to do so [27] . We will refer to the classification in table 2 of [27] throughout the paper. It is reproduced in table 1. The ansatz requests that each of the coefficients (a 1 , a 2 , a 3 , a 4 , a 6 ) of the Weierstrass equation vanishes with a certain multiplicity over σ = 0 as stipulated by Tate's algorithm. The condition for non-simply laced gauge groups are conditions on factorizations of a quadratic or cubic equation defined from the coefficients a k . Following the notation familiar from Tate's algorithm, we denote
where m i denotes the multiplicity of the divisor σ = 0 over the subvariety defined by a i = 0. We assume that a i,m i is nonzero for a generic point of σ = 0. When such a gauge group is implemented in this way, we can realize the Donagi-Wijnholt ansatz as conditions on (a 3,m 3 , a 4,m 4 , a 6,m 6 ):
This leads to an orientifold theory defined by the following double cover at weak coupling:
We see immediately that this double cover is singular whenever m 2 > 0. This implies that it will be singular for all gauge groups realized through Tate forms with the exception of symplectic gauge groups Sp( k 2 ) obtained from the Tate form for a fiber of type I ns k . When the double cover is singular, we have to determine if it admits a crepant resolution compatible with the Z 2 involution of the double cover.
4.2.
Singular double covers from the Donagi-Wijnholt limit. We would like to classify the types of singularities that occur when the weak coupling limit is reached through the DonagiWijnholt realization of Sen's limit in presence of gauge groups implemented by Tate forms. First we note that the different Tate forms for singular fibers can be organized into four groups characterized by the vanishing multiplicity (m 1 , m 2 ) of the coefficients a 1 = σ m 1 a 1,m 1 and a 2 = σ m 2 a 2,m 2 :
• (m 1 , m 2 ) = (0, 0) for symplectic groups realized by fibers I ns k and SU(2) realized by a fiber I 2 .
1 They lead to smooth double covers at weak coupling.
• (m 1 , m 2 ) = (0, 1) for unitary groups realized by fibers I s k . They lead to conifold singularities in the double cover.
• (m 1 , m 2 ) = (1, 1) for fibers I * k (orthogonal groups SO(r) and the exceptional group G 2 ) and fibers III and IV (leading to Sp(1) and SU(3)). They lead to quadric cone singularities.
• (m 1 , m 2 ) = (1, 2) for exceptional groups F 4 , E 6 , E 7 and E 8 . They lead to Whitney umbrella singularities. This is summarized in table 2. The case (m 1 , m 2 ) = (0, 1) is special in the sense that in contrast to the quadric cone singularity and the Whitney umbrella, the conifold singularities do not admit crepant resolutions compatible with the Z 2 involution. This is a serious problem for phenomenological model building based on SU(5) Grand Unified Theories. We will explain how to resolve that problem in section 4.3.2 and get the right GUT group on a D7-stack. In section 5, we will instead address several other features (and issues) of the GUT theories so obtained. (1) and SU(3) and quadric cone singularities. When (m 1 , m 2 ) = (1, 1), we have the double cover (4.7)
X : ξ 2 = σr 1,1 , where r 1,1 = σa 2 1,1 + a 2,1 . It has the singularity of a quadric cone. The singularity is the codimension-2 locus ξ = σ = r = 0. The double cover X admits a crepant resolution which is also a double cover. This geometry characterizes the orthogonal gauge group obtained in F-theory by Tate form. The exceptional gauge group G 2 is obtained from a non-split fiber I * 0 and therefore also leads to such a singular 1 We may realize SU(2) with slightly less generic I2 fibers, i.e. with a2 having order of vanishing 1 along σ = 0.
Its weakly coupled physics is very different from the more generic realization and it belongs to the category (m1, m2) = (0, 1) (see [28] about this distinction). 
: Whitney umbrella F4, E6, E7 and E8 Table 2 . Singular orientifolds for the weak coupling limit (a3, a4, a6) → ( a3, a4, 2 a6). This weak coupling limit is the ansatz used by Donagi-Wijnholt [25] . In the first column (m1, m2) are such that a1 = σ m 1 a1,m 1 and a2 = σ m 2 a2,m 2 . In the second column rm 1 ,m 2 :
double cover. For small rank groups, the Tate form for Sp(1) (with a fiber III or IV ns ) and SU(3) with a fiber IV s all have (m 1 , m 2 ) = (1, 1). ) = (1, 2) and at weak coupling using the Donagi-Wijnholt ansatz, the orientifold is defined through a double cover with the singularities of a Whitney umbrella:
, where r = a 2 1,1 + a 2,2 . As the singularity can be resolved by blowing-up the codimension-2 locus σ = ξ = 0 of multiplicity 2, the double cover admits a crepant resolution compatible with the Z 2 involution.
4.2.3.
Unitary groups and conifold singularities. Unitary groups require fibers of type I s k . In the usual ansatz from Sen's algorithm, they are implemented with the conditions (m 1 , m 2 ) = (0, 1) which implies that the double cover obtained at weak coupling, using the Donagi-Wijnholt ansatz, is:
. This admits conifold singularities in codimension-3 at ξ = a 1,0 = σ = a 2,1 = 0. Such singularities admit crepant resolutions. However, these crepant resolutions are not compatible with the double cover: There are in fact two small resolutions which are exchanged by the orientifold action (see appendix A.3). In contrast, the standard blow-up of the conifold is non-crepant.
4.3.
Solving the conifold problem for the Tate form of unitary gauge groups. We can solve the conifold problem appearing in the Donagi-Wijnholt ansatz of unitary gauge groups in at least two different ways, each leading to a very different physical picture at weak coupling. This is done by slightly modifying the original Donagi-Wijnholt ansatz.
4.3.1.
Replacing the conifolds by quadric cones. The conifold singularities can be removed from the weak coupling limit of F-theory with SU (n) gauge groups by supplementing the DonagiWijnholt ansatz with the additional condition a 1 → a 1 . This gives the following limit:
This limit is in fact equivalent to the Donagi-Wijnholt original one, (4.5), for most of Kodaira singularities 2 . In fact the equivalence breaks down when and only when σ divides a 2 but not a 1 . By inspecting table 1, we find that this circumstance is realized for the SU (n) tower only, which is our focus here. The discriminant locus of the Weierstrass model becomes
with h = 4σ m 2 a 2,m 2 . For symplectic gauge groups this gives a smooth double cover as m 2 = 0. For Tate form with (m 1 , m 2 ) = (1, 1) or (1, 2) we recover the same geometry at weak coupling as with the original Donagi-Wijnholt ansatz. However, for unitary gauge groups implemented using Tate forms, the conifold singularities are replaced by the quadric cone singularities as the double cover is now:
Such singularities admit a crepant resolution compatible with the double cover. The orientifold locus splits into two components, namely ξ = σ = 0 and ξ = a 2,1 = 0. One of these components happens to be the divisor on which the group is defined. It follows that we expect orthogonal groups at weak coupling. At leading order for a group SU(2n), the discriminant is
,n ), and for SU(2n + 1)
,n ). In this limit, the gauge group SU(k) seen at strong coupling becomes an orthogonal group SO(2k) at weak coupling as σ = 0 is a component of the branch locus of the double cover. In the case of SU(k), the power σ k+2 in the discriminant can be understood as composed of a factor σ 2 contributing to the orientifold and the leftover σ k corresponding to k bibranes 3 on top of the component σ = 0 of the orientifold. This leads to a gauge group SO(2k). For SU(2n) there is also a singular brane 
4.3.2.
Replacing the conifold by a suspended pinch point. For many applications, one would like to retrieve a unitary gauge group at weak coupling. Preserving the unitary gauge group in presence of a Z 2 orientifold requires the presence at weak coupling of a stack of branes not coinciding with its image stack under the orientifold involution. This happens in the conifold geometry because as σ = 0, we get two divisors in the double cover and they are image of each other under the involution, namely:
We can keep that property while modifying the singularity so that we can have a crepant resolution compatible with the double cover. This would be the case of a double cover of the type
The simplest choice is s = 2, which describes a suspended pinch point also known as a suspended Whitney umbrella. The suspended pinch point can be obtained by using the following modification of the Donagi-Wijnholt ansatz:
This leads to a double cover with the singularities of a suspended pinch point:
This double cover is singular along the codimension-two locus ξ = a 1 = σ = 0. A viable resolution in this case does exist: Indeed there are three small resolutions of the suspended pinch point, two of them are exchanged by the orientifold involution, and the third one, absent for the conifold, is orientifold invariant (see appendix A.2). It turns out that the latter is equivalent to the standard "large" blow-up of the suspended pinch point singularity.
4.4. Generalities on weak coupling limits for Tate forms. In F-theory, the non-Abelian part of the gauge group is completely controlled by the Kodaira type of the singular fiber over components of the discriminant locus and the monodromy around them. As we take the weak coupling limit, the discriminant locus can be deformed and provides a very different spectrum of branes than what is seen in the full F-theory regime. When the weak coupling limit is an orientifold theory, a stack of branes gives a gauge group that can be symplectic, orthogonal or unitary depending on the behavior of the stack with respect to the orientifold symmetry. There are 3 cases to consider 4 :
(1) Symplectic groups: the stack of D7 branes is supported on a divisor invariant under the involution but not pointwise invariant. (2) Orthogonal groups: the stack of D7 branes is supported on a divisor pointwise invariant under the orientifold involution. (3) Unitary groups: the stack of D7 branes is supported on a divisor which admits a distinct orientifold image. Assuming that at weak coupling we have a stack of r branes over the divisor Σ : σ = 0 in the base, the discriminant locus is of the following form at leading order in the deformation parameter of the weak coupling limit:
where h = 0 is the branch locus of the double cover that defines the orientifold theory:
Here h could contain factors of σ as well. We denote by h σ the restriction of h to the divisor σ = 0:
The gauge group associated with the stack depends on r and on the factorization properties of ξ 2 = h σ . This is reviewed in table 3.
Property of h σ Gauge group h σ is identically zero SO(2r) h σ is a perfect square SU(r)
h σ is not a perfect square Sp r 2 Table 3 . The discriminant locus at weak coupling is ∆ ∝ h 2 σ r (· · · ) and h σ := h σ=0 .
Supposing that ∆ ∝ h 2 σ r (· · · ), we get a unitary, orthogonal or symplectic gauge group by the following ansätze for h:
where x denotes the integral part of x.
Symplectic case: ξ 2 = h. The double cover ξ 2 = h with h general leads to a symplectic gauge group and it is smooth. This is the generic case.
Orthogonal
4.5.
Brane spectrum at weak coupling for the DW and the orthogonal limit. For a weak coupling limit compatible with Sen's limit, the discriminant locus at leading order is
Taking r = min(s, 2q), we have the following brane content:
an orientifold at h = 0, a stack of r branes over σ = 0, a singular brane (hσ s−r b 6,s − σ 2q−r b 2 4,q ) = 0. Using the rules explained in (4.24), we compute in table 4 the gauge group in the weak coupling limit for each Weierstrass model with a given singularity over a divisor σ = 0 implemented by the Tate form. We use and compare the Donagi-Wijnholt ansatz (4.5) and the orthogonal ansatz (4.10) to take the weak coupling limit. By definition of weak coupling limit, the j-invariant is generically going to infinity over the base so that the string coupling goes to zero. However, the j-invariant can still be finite over certain sub-loci of the base. A natural question is whether the coupling is actually small over the divisor σ = 0 on which the gauge group is implemented by the Tate form.
The appearance of orthogonal gauge groups in the Donagi-Wijnholt weak coupling limit of exceptional singularities (II, III, IV and their duals) deserves some comment. In particular, the gauge groups of the E series fall in this category. These cases are indeed special with respect to all the others, as the value of the j-invariant is finite on the locus σ = 0 where the singularity is implemented in F-theory. This fact makes open strings ending there intrinsically strongly coupled and therefore the presence of the listed gauge symmetries is questionable. We have deduced them first by looking at the order of vanishing of the b 8 factor in the leading term of the discriminant (4.25); Second by remembering that for these cases h = σ 2 (a 2 1,1 + 4a 2,2 ) and thus σ = 0 is a branch of the O7-plane h = 0. The same situation actually arises when taking the orthogonal limit of the fibers I 2 and I s 3 . This is not surprising, because the orthogonal limit makes the stack and the image-stack degenerate onto the O7-plane and the I 2 , I s 3 fibers have special enhancements on the orientifold, namely to III, IV s respectively. Type j F theory DW limit / Quadric cone Table 4 . Groups at weak coupling using the DW ansatz or the orthogonal ansatz. There is a difference only for fibers I s k (k > 2) which gives SU(k) in F-theory and also in the DW limit, but SO(2k) in the orthogonal limit.
The results we derive in table 4 for the gauge groups at weak coupling do not actually depend on the dimension of the F-theory compactification manifold and are purely based on geometrical facts. Their string interpretation at weak coupling, though, is puzzling. However, there is one case where we do have a reliable open string picture to compare those predictions with, and this is when we compactify F-theory on K3. Here, indeed, 7-branes are not intersecting and we have the technology of the so called "A-B-C" branes [47, 48] at hand to identify the BPS states responsible for the gauge symmetry. In particular, the group E 8 is realized [47] via the bound state A 7 BC 2 , where the group BC has the monodromy of an O7-plane. By higgsing one of the C-branes, we immediately realize the appearance of the SO(14) group in perturbation theory using only the open fundamental strings ending on the A-branes, possibly winding around the O7-plane BC (this is the result of the perturbative enhancement of the manifest SU (7) group). We can repeat the same reasoning for E 7 realized as A 6 BC 2 and we deduce the perturbative group SO (12) in agreement with what we found here.
However, the agreement does not seem to exist for E 6 , realized as A 5 BC 2 , where a perturbative subgroup SO(10) appears, rather then the SO(12) deduced from the rank of the discriminant. This might be due to the fact that the two weak coupling limits to type IIB on T 2 /Z 2 we are comparing are inequivalent. Moreover, for compactifications of F-theory on higher dimensional manifolds, the interpretation in terms of A-B-C branes is no longer possible in a globally well defined way, due to 7-brane intersections. Yet the computation done for table 4 is still valid, as it does not depend on the dimension. Therefore a comparison analogous to the one above can only be done locally 5 (away from the loci of symmetry enhancement). We hope to come back to these issues in a future work.
The type IIB Calabi-Yau threefold: Suspended pinch point case
In this section we discuss the smooth background where type IIB strings are actually leaving at weak coupling. We address here the case where the weak coupling limit gives us a singular geometry of the suspended pinch point type for the type IIB Calabi-Yau threefold (see section 4.3.2). We first provide a mathematical description of the resolution procedure and afterwards discuss the physics of the ensuing smooth geometry.
From now on we restrict our attention to elliptic fibration which are Calabi-Yau and thus impose c 1 (B) = c 1 (L ). We will write c 1 for c 1 (B). We also restrict to 3 the complex dimensions of the base.
Description of the resolution.
In order to blow-up the singular Calabi-Yau threefold (4.20) along the curve σ = ξ = a 1 = 0, we proceed using toric methods (see [28, 29] for the same methods applied to elliptic fourfolds). We first add to the ambient four-dimensional manifold two homogeneous coordinates, s and a, together with two new equations. The singular Calabi-Yau threefold will thus be expressed as the following system of equations (5.1) X 3 :
where we have reabsorbed the irrelevant factor of 4 in a 2,2 . We then introduce yet another homogeneous coordinate, w, together with the following projective weight assignment
This will produce an element in the Stanley-Reisner ideal of the ambient six-fold of the form ξ s a: Now these three coordinates cannot simultaneously vanish. The resolved Calabi-Yau threefold will then appear as the following complete intersection in the ambient six-dimensional manifold (5.3)X 3 :
This is now a perfectly smooth manifold, still invariant under the orientifold involution . This is where type IIB strings are supposed to live at weak coupling. Let us study some of the properties of this new geometry.
The stack of D7-branes and its orientifold image are described by the following systems (5.4) D7 ± :
where we have fixed the gauge associated to projective scaling (5.2) by putting a = 1. While in the singular geometry the D7-stack was intersecting its image in a curve, in the resolved geometry they clearly do not touch each other. They also do not touch the orientifold plane, which is the surface (5.5) O7 :
where again we have conveniently fixed the gauge by putting s = 1. We easily recognize from (5.5) a surface wrapping the divisor {a 2 1 + σ 2 a 2,2 = 0} of the original base B 3 , as it should be. On the other hand a new divisor appears, which replaces the former curve of singularities. This is the exceptional divisor (5.6) E :
which has the geometry of an orientifold-invariant. It corresponds to a P 1 with homogeneous coordinates a, s, fibered over the locus {σ = 0} ∩ {a 1 = 0} ⊂ B 3 . It interpolates between the D7-stack and the O-plane by intersecting both of them respectively in the following distinct points of the fiber P 1 sa : (s, a) = (0, 1) and (s, a) = (1, p) such that p 2 = −a 2,2 . The baseB 3 onto which the resolved Calabi-Yau threefoldX 3 projects is the original base B 3 blown-up along the curve {σ = 0} ∩ {a 1 = 0}. In other words,X 3 can be seen as the double cover of the blown-up baseB 3 defined by the set of equations (5.7)B 3 : w s = σ wa = a 1 .
in an ambient five-dimensional manifold given by adding to B 3 the following three homogeneous coordinates with a projective weight assignment
Hence s and a cannot vanish at the same time and the exceptional locus is P 1 sa fibered over the curve {σ = a 1 = 0}.
Before discussing the features of the suspended pinch point from the physics perspective, a comment is in order. The first Chern class of the new base can be expressed in terms of the one of the old base as follows
where φ :B 3 → B 3 is the blow-down map and E is the class of {w = 0}. This map is not crepant if the corresponding map between the double covers is. Therefore it may happen that starting from a spin base we end up having a non-spin base after the blow-up. Let us show this circumstance in a concrete example. Take B 3 = P 3 , which is clearly spin, and call H its hyperplane class. We want to blow up this manifold along the curve {x 1 = 0} ∩ {a 1 = 0} where x 1 is one of the homogeneous coordinates of P 3 and a 1 is a polynomial in P 3 of class 4H. Hence, the blown-up threefoldB 3 will be given by the hypersurface of class 4H (5.10) wa = a 1 (wx 1 , x 2 , x 3 , x 4 ) , in the ambient four-dimensional toric manifold defined by (5.11) X 4 :
The Stanley-Reisner ideal of this ambient variety is made by the two elements x 1 a and x 2 x 3 x 4 w. We now want to prove thatB 3 is non-spin. To this end, we have to find at least one 2-cycle on which the first Chern class integrates to an odd number. It turns out that this 2-cycle is not manifest in a generic point of the moduli space ofB 3 . But if we constrain the complex structure moduli in a suitable way we are able to write this 2-cycle as a set of three algebraic equations in the ambient fourfold which automatically satisfy (5.10) (see [36, 46] , where similar techniques are used for elliptic fourfolds). One possible constraint which works is the following (5.12)
whereâ 1 ,ã 1 are both polynomials of degree 3H. Now consider the following non-complete intersection 2-cycle
The integral of the first Chern class ofB 3 on C (2) is (5.14)
Here we have used the following intersection numbers of the ambient fourfold (5.15)
Physical properties.
The hope is now to use the resolved Calabi-Yau geometry (5.3) as the target space for weakly coupled type IIB strings. Their perturbative and non-perturbative dynamics should effectively reproduce the strongly coupled physics of the corresponding F-theory configuration at each codimension in the base: Gauge degrees of freedom at codimension one, matter degrees of freedom at codimension two and Yukawa-type interactions at codimension three, in the spirit of the paradagm of model building in F-theory [50] . In order to see to what extent the new geometry we have obtained realizes all that, let us specify two unitary F-theory configurations and work with them throughout the rest of the section. We choose an SU (4) and an SU (5) model, since they display different properties of Yukawa couplings, as it will be clear in a moment. Also, they are the lowest rank representatives of the even and odd unitary series with more familiar enhancements: SU (2) enhances to the Kodaira singularity III and SU (3) to IV s on the O7-plane [10] .
SU(4).
In order to identify the relevant objects at weak coupling, we have to study the behavior of the discriminant of the elliptic fibration as goes to 0. Let us do that for both the Donagi-Wijnholt limit (4.5) and the new limit (4.19) The discriminant is factorized into three pieces whose vanishing respectively represents the O7-plane, the D7-stack hosting the SU (4) gauge group and the Whitney umbrella D7-brane. We have two relevant matter curves here
. This is also consistent with the result of [10] . The first hosts matter fields transforming in the 6, the antisymmetric representation of SU (4), which originates from the symmetry enhancement to the SO(7) group 8 . The second accommodates matter fields transforming in the 4, the fundamental representation of SU (4), which originates from the symmetry enhancement to SU (5). These two matter curves intersect in points of the D7-stack worldvolume where the further symmetry enhancement is expected to occur to accommodate the coupling (5.19) 644 :
Actually, being all the enhancements of SU (4) to either the unitary or the orthogonal type of group, we should have good chances of finding an effective description of this physics within the realm of weakly coupled type IIB string theory, possibly including D-instanton effects in order to reproduce certain perturbatively forbidden Yukawa interactions. The situation is different for SU (5), as we will see shortly.
Let us now use the new limit (4.19) and expand the discriminant accordingly
As one immediately sees, all the relevant features of the SU (4) model are kept intact, since the pattern of intersections and enhancements are unchanged. However, what we should really be looking at is the discriminant after the blow-up of B 3 , namely the proper transform of (5.20) .
Recall that the proper transform of the polynomial defining the D7-stack σ is s and the class of the divisor {s = 0} is D − E with D the class of {σ = 0} and E the exceptional class. To be more precise, one has to look at the full discriminant, which has the form σ 4 I1, the latter factor being a recombined 7-brane with U (1) gauge group, responsible for canceling the tadpole. On σ = 0, I1 factorized into two branches which are the matter curves discussed above. 8 This enhancement is slightly more generic than the SO(8) we would expect from string theory, as the latter would require an additional factorization condition, which kills the monodromies. As usual, the 6 of SU (4) arises from the decomposition of the adjoint of SO (7), i.e. 21 = 15 + 6.
Notice that we are providing here a smooth target space for type IIB strings at weak coupling: This is the resolved Calabi-Yau threefold defined in (5.3). This manifold projects onto the base (5.7), which is different from the base of the elliptic fibration we started with (it is connected to it by blow-down). As a consequence, (5.21) is not to be regarded as the discriminant of a Calabi-Yau elliptic fibration. Indeed, the U (1) D7-brane which is not touched by the blow-up and is supposed to cancel the total charge of O7-plane and D7-stack (last piece in (5.21)) has no longer the right degree to do that. This means that to preserve the D7 tadpole in the type IIB theory on the resolvedX, the spectrum of branes is not given by the proper transform of the discriminant. There is an additional contribution to the D7 charge required to satisfy the D7 tadpole. This contribution is 4E. Since the D7 tadpole is equivalent to the Calabi-Yau condition for an elliptic fibration that would admitX as its weak coupling limit, we can also consider the following scenario.
We will now construct a Calabi-Yau elliptic fibration with baseB 3 . We also impose that at weak coupling it admits the double coverX as in equation (5.3) and a SU(4) stack over D : s = 0, the proper transform of D. However the U (1) brane will not coincide with the one in (5.20) . But it will have the proper degree to ensure that the elliptic fibration is Calabi-Yau and therefore automatically satisfies the D7 tadpole. In order to impose the proper stack, we use the Tate form for a fiber I s 4 over the divisorD = D − E : s = 0. The coefficients of the Tate form are given by:
whereã p is by definition a section of a line bundle of class pc 1 (B 3 ) = p(c 1 − E) and therefore a p,q is a section of a line bundle of class pc 1 (
The coefficient a 2 has a deformation a 2,2 compatible with a fiber I s 4 and useful to define a suspended pinch point weak coupling limit. If we take a 2,1 identically vanishing, the DW-weak coupling limit will coincide with the suspended pinch point weak coupling limit. If we keepã 2,1 , then we will rescale it as a 2,1 → ã 2,1 in the weak coupling limit. Both ways, we get a spp ξ 2 =ã 2 1 + 4ã 2,2 s 2 in the weak coupling limit. It will coincide with the double cover of the resolvedX if we imposeã 1 = a and a 2,2 = a 2,2 . The other Tate coefficients can be realized as follows:
where the last column indicates the divisor class ofã p,q . The superscript (n, m) just means that we have n powers of s and m powers of a in front of that coefficient. Depending on the details of the model some of them may identically vanish.
By taking the DW limit of this new fibration we get the following discriminant at leading order:
The last bracket in (5.24) defines the recombined, tadpole-canceling U (1) D7-brane. The geometry of the Calabi-Yau upliftỸ successfully reproduces the SU (4) gauge degrees of freedom on the D7-stack at s = 0. Let us now go to codimension two. From (5.24) we deduce the two matter curves (5.25)¨¨¨¨¨¨¨6 :
6,4 = 0 . We obtain again a matter curve accommodating fields in the fundamental representation 4. However, matter arising from the intersection of the D7-stack with the O7-plane loses its support. This curve of intersection is in fact precisely the center of our blow-up. This is an issue for those models, like F-theory inspired GUTs [30, 31] , which require such a curve for phenomenological reasons. We do not have a convincing solution yet.
One may think that the 6 is "higgsed" and split in two parts. Fix a divisor which intersects both the O7-plane and the D7-stack: The two branches of the 6-matter curve would then arise from the fixed divisor intersecting the O7-plane on one hand and the D7-stack on the other. This would then imply having a 7-brane source wrapping the fixed divisor, which from the structure of the discriminant (5.24) is generically not the case for SU (4). Therefore, one is led to constrain the complex structure of the fourfold in order to achieve this further factorization of the discriminant. Note, however, that a natural candidate divisor which in our resolved geometry interpolates between the D7-stack and the O7-plane is the exceptional divisor (5.6). One can easily work out the same analysis for SU (2k) with k > 2, and realize that for k ≥ 5 factors of w start appearing in eq. (5.24). They are needed for consistency with 7-brane tadpole cancellation, expressed by the fundamental relation (5.26) [∆] spp = 12 c 1 (B 3 ) = 12 (c 1 (
where we used eq. (5.9) and [∆] means the divisor class of the discriminant. This provides, at least for high rank gauge groups, a natural playground for putting on solid base the conjecture of the 6-matter curve higgsing. We have not explored the details of this idea yet. We hope to come back soon to the problem in a future publication. Meanwhile, in section 5.3, we will propose a slight modification of limit (4.19), which, though having a smaller range of validity, does not affect the matter curve in question.
SU(5).
Let us now come to the odd series of unitary groups and focus on the basic case of SU (5). By applying the Donagi-Wijnholt limit (4.5) to the discriminant, we obtain
The relevant matter curves now are (same observation as in footnote 7 applies here) (5.28) 10 :
) − a 2,1 a 2 3,2 = 0 Matter in the antisymmetric representation 10 arises from the enhancement to SO(10) along the O7-plane, while matter in the fundamental representation 5 arises from the enhancement to SU (6) along the remainder, invariant D7-brane. Here we readily see that there are two kinds of Yukawa couplings arising from the intersection matter curves [41] (5. 29) 1055 :
The first is analogous to the one for SU (4) (5.19), and it comes from the enhancement to SO (12) . The second is peculiar of SU (5) and it is exactly localized on the conifold points of the singular geometry (4.9). It comes from the enhancement to 'E 6 '. Hence, the enhancement to an exceptional gauge group occurring for SU (5) tells us that in this case the physics hidden in the conifold points may well be intrinsically strongly coupled and thus impossible to reproduce just by means of fundamental strings
9
. If we now use the new limit (4.19) to expand the discriminant, we get
where we see that the previous pattern of intersections and enhancements is not respected. The conifold points are scaled away, as it should be, while the SO(12) points are kept. However, the meaningful quantity is the discriminant after the blow-up of the suspended pinch point. In the table (5.23) we have to constrain the complex structure in order to extract a further factor of s fromã 4,2 andã 6,4 , as required by the Tate prescription for SU (5). This leads us to the following discriminant
where now the last polynomial in square brackets has class 5c 1 − 5D. Our new geometry successfully reproduces the SU (5) gauge degrees of freedom on the D7-stack at s = 0. As for codimension two, we have again 6,5 = 0 . While the curve accommodating matter in the fundamental representation is successfully reproduced, the one hosting matter in the antisymmetric disappears. One may think of "higgsing" the antisymmetric matter curve using the exceptional divisor, in analogy to what proposed for SU (4). Here factors of w appear in (5.31) for SU (2k + 1) with k ≥ 4. However, we defer a more accurate analysis of this issue to future work.
5.
3. An alternative spp. As stressed in the previous section, the suspended pinch point geometry after resolution does not reproduce the antisymmetric matter curve. In this section we propose a way out of this problem, by slightly modifying the definition of the new weak coupling limit (4.19). We focus our attention on SU (4) F-theory configurations and only say few words about other cases towards the end of the section.
Assume the D7-stack wraps a spin manifold. This hypothesis is necessary for this alternative limit to work. Then consider the following weak coupling limit
where P is a section of a line bundle of class c 1 −D/2, which makes sense since D is by assumption an even class. The new Calabi-Yau theefold geometry is still singular of the suspended pinch point-type (5.34)
But this time the curve of singularities is not the intersection of the D7-stack with the O7-plane. This different improvement of the Donagi-Wijnholt limit is still harmless from the point of view of the discriminant, as we get
Let us now blow-up (5.34) and convince ourselves that limit (5.33) successfully reproduces the physics of the SU (4) models in codimension one and two. The resolution procedure goes exactly as in the previous case. The resolved Calabi-Yau threefold is the complete intersection
and ξ p a is an element of the Stanley-Reisner ideal of the ambient six-dimensional manifold.
Again it can be viewed as the double cover of the manifold (5.37)B 3 :
which is the blow-up of B 3 along the curve {a 1 = P = 0}. The stack of D7-branes and its orientifold image are described by the following systems (5.38) D7 ± :
They now intersect on a curve which lies on the O7-plane. The latter is the surface (5.39) O7 :
where we have fixed the gauge by taking p = 1. We easily recognize from (5.39) a surface wrapping the divisor {a 2 1 + σP 2 = 0} of the original base B 3 , as it should be. Finally, the exceptional divisor is (5.40) E :
which has the geometry of an orientifold-invariant, quadratic P 1 with homogeneous coordinates a, p, fibered over the locus {P = 0} ∩ {a 1 = 0} ⊂ B 3 . On the location of the D7-stack, {σ = 0}, the fiber of the exceptional divisor splits into two linear spheres, P 1 pa | ξ=±a , exchanged by the orientifold involution. This last geometry may turn useful, as it will be clear below.
Let us now look at the proper transform of the discriminant (5.35) . It is not difficult to understand that blue the Tate coefficients a 3,2 , a 6,4 cannot be constrained as imposed by 7-brane tadpole cancellation. In contrast a 4,2 must be replaced by the monomial p 4 , which is the most generic form of the appropriate degree. Therefore the discriminant simply reads
Here we see that the U(1) D7-brane has undergone a drastic change and, due to its high degree, has given rise to a stack of eight D7-branes plus separated orientifold images (much like the SU (4) stack in the resolved suspended pinch point geometry of section 5). This new stack accommodates an SU (8) flavor symmetry. There are two possible matter curves, described by the following intersections
The first is the curve where matter in the antisymmetric representation of SU (4) is localized, which arises from the ordinary enhancement to SO(8) along the O7-plane. Notice that it now survives the resolution. The second is the curve where matter in the fundamental representation of SU (4) lives. Since this curve is the intersection of the gauge stack with an SU (8) flavor stack, there is an enhancement to SU (12) along it and the matter fields localized there transform in the fundamental representation of the flavor group. If we now look at the intersection of these two matter curves to search for the Yukawa couplings, we readily see that it is empty, because it is part of the locus which has been blown-up. However, we see that the triple intersection we are looking for is replaced by the curve
whose typical fiber, as already mentioned, is a pair of P 1 s, one the orientifold image of the other, touching at a point. One is now tempted to argue that we have an effective, non-perturbative type IIB description of the 644 Yukawa coupling by means of D1-instantons wrapping one P 1 and anti-D1-instantons wrapping the image P 1 . However, we have not performed an accurate analysis of this system: Besides proving that it is actually stable, one has to make sure that the instantons in question have the right number of neutral zero-modes so to contribute to the superpotential and generate the wanted Yukawa coupling. We hope to clarify all that in a future work.
To conclude this section, let us stress that limit (5.33) does not properly work beyond SU (4), i.e. for F-theory configurations with SU (N ≥ 4) singularity. This is because there is no way in the geometry ofB 3 to satisfy the 7-brane tadpole. Therefore the validity of the weak coupling limit presented in this section is limited to SU (4) F-theory configurations with gauge stack wrapping a spin manifold.
Conclusions
In this paper, we have discussed different realizations of Sen weak coupling limit [21] which are alternatives or specializations of the traditional Donagi-Wijnholt ansatz [25] . The main purpose has been to provide a systematic way of solving the conifold problem afflicting the DW ansatz when applied to singular fibrations with unitary gauge groups: These singularities do not admit admissible crepant resolutions
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. We also analyze the weak coupling limit of all gauge groups implemented by Tate forms, including the exceptional ones. The properties of these limits are somehow surprising:
(1) The gauge group seen at weak coupling is not necessarily the same as the one observed in F-theory. This is expected in certain cases, like for example for exceptional gauge groups in F-theory as they are not present at weak coupling. The groups seen in the weak coupling limit can be orthogonal, unitary or symplectic. An orthogonal gauge group appears when the locus of the brane coincides with a component of the orientifold locus. (2) The gauge group seen at weak coupling is not necessarily a subgroup of the F-theory group. For example, for E 6 , we get a group SO (12) . One could argue that this SO (12) should reduce to SO(10) if it is generated by a perturbative subset of open strings that generate E 6 in F-theory. This would match the description of E 6 in F-theory using monodromies of "ABC" branes. A clear, string-based deduction of gauge group at weak coupling for exceptional singularities (II,III,IV and duals thereof) of elliptic fibration of dimension grater that two is still missing. This is due to the fact that there is no way of getting a weak string coupling on the would-be gauge stack
11
. (3) In the DW-weak coupling limit, the same gauge group is obtained for fibers regardless of it being split/non-split/semi-split. This is true with the exception of the I n fibers that lead to unitary and symplectic gauge groups. (4) For unitary gauge groups, we can maintain the group and its rank and get a double cover with an admissible crepant resolution if we use the suspended pinch point (spp) limit. However, it requires introducing a term (a 2,2 ) which is a section of a line bundle of class 2L − 2D. The existence of such a section is a non-trivial topological constraint. There is an alternative limit also leading to a double cover with an admissible crepant resolution and which is free of such a topological constraint but which leads to orthogonal gauge groups at weak coupling. (5) We also note a possible tension between a (crepant) resolutionX → X of a Calabi-Yau and the D7 tadpole cancellation condition which requires the vanishing of the total D7 charge. Indeed, after a resolution, the branes are expected to wrap the proper transforms of the cycles they used to wrap in X. However, if some of these cycles intersect the center of the blow-up with multiplicities, their classes will get a contribution from the exceptional divisor. It follows that the D7 tadpole can be in jeopardy as it is based on a delicate equilibrium between the class of the D7 branes and the orientifold plane. We will give an important example below.
Example 6.1 (Tadpole requirements for the typical configuration). Consider the typical situation that occurs for the weak coupling limits we have in this paper: A singular double cover is resolved by blowing-up a codimension-two locus of multiplicity 2. The spectrum consists of an orientifold O, a stack of r D7 branes on D and a spectator U (1) brane D , all described in the base. We assume that the stack intersects the center of the blow-up with multiplicity 2. Before the resolution, we have the tadpole
10 An admissible crepant resolution of a double cover X is a resolution of X that preserves the first Chern class and is compatible with the structure of the double cover (and therefore with the orientifold involution). 11 This problem does not happen for exceptional singular fibers in weak coupling limits considered in [7, 9] which are not based on Tate forms.
After the blow-up, we can evaluate the D7 charge mismatch:
If r = 8, the proper transform of the spectrum does satisfy the tadpole. If r < 8, the tadpole charge would require a negative contribution proportional to the exceptional divisor E. This can be for example a stack of 8 − r anti-D7 branes, which will break supersymmetry. If r > 8, the tadpole can be canceled by wrapping (r − 8) D7-branes on the exceptional divisor. We present a solution to the problem when r < 8. Indeed, we cannot keep the spectrum of the proper transforms. But if we would like to keep the orientifold and the stack unchanged we can modify the remaining brane in such a way that the tadpole is preserved. We can think of it as a supersymmetric brane recombination of the stack of anti-branes and the witness brane. We have obtained a natural description of the final result of such a recombination using a Calabi-Yau elliptic fibration over the base of the resolution of X.
In the second part of the paper, we have focused on questions relevant for phenomenological GUT model building. In particular we have explored the possibility of realizing in an effective way as much as we could of the physics of F-theory SU (N ) configurations using only the weakly coupled dynamics of type IIB strings. Therefore we started by requiring that we have (on a arbitrary divisor {σ = 0}) an SU (N ) stack of D7-branes and its orientifold image in a smooth Calabi-Yau threefold. This one condition (together with the fact that the Calabi-Yau threefold is the double cover of the base of the elliptic fibration) already constrain the hypersurface equation to have the following conifold form
where B is a polynomial of the base of the appropriate degree. B is the only factor we can play with in order to achieve a more tractable singularity. Now, if we impose that σ divides B, as we did in subsection 5.2, the antisymmetric matter curve becomes the singular locus and it is blown-up in the resolved picture. Alternatively, we can deform B to be a perfect power. Here two sub-cases are possible. The power is even (the basic case of power two has been explored in subsection 5.3), which only works with the assumption of spin-ness of the gauge divisor; The case of SU (4) seems to work with this strategy, but higher rank gauge groups seems incompatible with 7-brane tadpole cancellation. The power is odd; This case reduces to the original conifold, after a series of resolutions. More work is needed in the investigation of a full effective description within the realm of type IIB string theory of the strongly coupled physics of unitary F-theory configurations. In particular, suitable instanton effects will be required in order to reproduce certain expected Yukawa interactions. We hope to come back to all these issues in a future work.
Appendix A. Admissible crepant resolutions of double covers
In this appendix, we will study some standard properties of double covers and their resolutions. We refer to [53, 54] for the proof. We will first start by recalling some basic definitions necessary for the rest of the discussion.
Definition A.1 (Finite maps). We denote by A(X) the coordinate ring of a variety X. A map X → Y is said to be finite if A(X) is locally a finitely generated module over A(Y ). The degree of the finite map is then by definition the degree [A(X) : A(Y )] of the field extension . If X and Y are projective, a finite map is equivalent to a map with finite fibers.
We can now introduce the definition of a double cover.
Definition A.2 (double cover). A double cover ρ : X → B is a flat finite map or rank 2 between varieties X and B.
The flatness condition is to ensure that each fiber has the same number of points (counted with multiplicity). Locally, over an open affine set U ∈ B, a double cover is given by an equation of the type z 2 = h U . The collection of such h α over a finite open cover α U α of the base B defines the branch divisor O of the double cover using the local equations h α = 0. Such a divisor O is uniquely determined by the double cover map. This can be seen for example 12 by computing the pushforward of the relative differential sheaf Ω X/B . The variable z is then a section of L and O is a section of L 2 . Together, the pair (O, L ) characterizes the double cover ρ : X → B. This is summarized in the following proposition. The next proposition characterizes O X and its multiplication structure in terms of the algebraic properties of the base and the pair (O, L ).
Proposition A.4 (Algebraic properties of double covers). Consider ρ : X → B a finite map of degree two of a variety X onto a smooth variety B. We denote by O ⊂ B the branch locus of the map ρ. We then have the following properties:
. The zero locus of h is the branch locus of B.
We now explain how the smoothness of a double cover is equivalent to the smoothness of its branch divisor O. The previous proposition implies that we can reduce the resolution of a double cover to the resolution of its branch divisor. This fact is exploited in the following proposition which describes how a double cover behaves under a blow-up in the base. The idea is to pull back the double cover on the blown-up base. The pull-back will use a fibered product so we will first recall its definition. Consider two maps ϕ 1 : X 1 → S and ϕ 2 : X 2 → S. Then X 1 × S X 2 is the set of pairs (x 1 , x 2 ) ∈ X 1 × X 2 that project to the same element on S: X 1 × S X 2 = {(x 1 , x 2 ) ∈ X 1 × X 2 : ϕ 1 (x 1 ) = ϕ 2 (x 2 )} Proposition A.6 (Resolution of double covers (see for example [53] ). Let Z be a smooth subvariety of B, we denote by j : B Z → B the blow-up of B along Z and E Z ⊂ B Z the exceptional divisor of the blow-up. Let X Z = X × B B Z , then ρ Z :X Z → B Z withX Z is the normalization of X Z . The branch locusÕ Z of ρ Z is Proof. A direct application of the familiar formula for the canonical class after a blow-up with exceptional divisor E Z gives
It follows that
We see from this formula that the condition to preserve the canonical class is the vanishing of the coefficient in front of E Z , this is equivalent to m − Z + 2 = 2r and the only solutions of this equation are m = 2(r − 1) and m = 2(r − 1) + 1 = 2r − 1.
As a direct application, let us see under which conditions the blow-up of a smooth sub-variety Z of codimension 1, 2 or 3 preserves the canonical class of the double cover:
Lemma A.8. The double cover of a blow-up of B along a subvariety Z ⊂ B or rank r ≤ 3 will preserve the canonical class of the double cover of B in the following cases:
(1) Z is of codimension r = 1 in B and multiplicity m = 0 or m = 1 along O. A.1. Resolution of t 2 = xy. We consider a double cover ρ : X → B with a branch divisor which has a A 1 singularity along a codimension-2 locus. The equation of such a double cover is the quadric cone (A.3) X : t 2 = xy.
The codimension-2 singular locus is t = x = y = 0. Rewriting the defining equation of X as the following rational relation
we can easily find a crepant resolution by introducing a P 1 with projective coordinates [α : β] and imposing the rational relation x/t = α/β. This leads to the crepant resolution (A.5)X αt − βx = 0 αy − βt = 0 written in the ambient space X × P 1 . It is easy to check thatX → X is indeed a resolution of singularities: (i)X is smooth since its Jacobian has rank 3.
(ii)X → X is defined by the projection (x, y, t) × [α : γ] → (x, y, t). It is trivially a birational transformation. (iii)The exceptional locus is a P 1 fibration over x = y = t = 0. (iv) The projectionX → X is an isomorphism away from the codimension-2 locus x = y = t = 0 of X and its inverse image inX.
A.1.1. Involution. The resolutionX admits an involution that reduces to the involution of the double cover X. It is induced by the following involution of the ambient space:
(A.6) (t, x, y, [α : β]) → (−t, x, y, [α : −β)].
In the ambient space, the fixed locus is t = βα = 0, the union of two non-intersecting codimension-2 subvarieties t = α = 0 and t = β = 0. When restricted toX, it reduces to the union of two non-intersecting divisors: t = β = y = 0 and t = α = x = 0.
A.2. Crepant resolution of t 2 = x 2 z − y 2 . The double cover X : t 2 = x 2 z − y 2 is singular along the codimension-2 locus t = x = y = 0 of multiplicity 2. The singularity worsen in codimension-3 at t = x = y = z = 0. To resolve the variety t 2 = x 2 z − y 2 , we rewrite it as t 2 + y 2 = x 2 z and after a change of variable u ± = y ± ti (where i 2 = −1), it becomes the normal equation of the suspended pinch point:
We can write is as the rational relation u + x u − x = z. We introduce two P 1 s parametrized by [α ± : β ± ] and we take u ± /x = α ± /β ± . This respects the involution t → −t (or equivalently u ± → u ∓ ). The crepant resolution is Over x = y = t = 0, we have a P 1 given by a quadric in P 1 × P 1 . It enhances to two transversally intersecting P 1 (given by a line in each of the two rulings of P 1 × P 1 ) as the quadric degenerates over x = y = t = z = 0. The involution is (t, x, y, z, [α ± : β ± ]) → (−t, x, y, z, [α ∓ : β ∓ ]).
The fixed locus is t = α + − α − = β + − β − = x 2 z − y 2 = α 2 + − zβ 2 + = 0.
A.3. Resolution of t 2 = xz + y 2 . To resolve the variety X : t 2 = xz − y 2 , we rewrite it as t 2 + y 2 = xz and after a change of variable u ± = y ± t, it takes the normal form of the conifold
We can write is as where on the right the "exceptional" projective weight is displayed. This is now a perfectly smooth Calabi-Yau threefold, still invariant under the orientifold involution = s a which has the geometry of an orientifold-invariant, quadratic P 1 with coordinates a, s, fibered over the locus {σ = 0} ∩ {a 2,1 = 0} ⊂ B 3 . As was the case in section 5, also here the resolved Calabi-Yau threefold can be seen as the double cover of the resolved baseB 3 , the latter being the blow-up of B 3 along the curve {σ = a 2,1 = 0}.
